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1. INTRODUCTION 
In this note, we consider weak solutions to diffusion-convection equations with less regular con- 
vective field and boundary data. The general form of the problem under consideration is 
-~u(t,x)O _ t~Au(t,x) +div  (b(x)u(t,x)) = f(t ,x,u(t ,x)) ,  in (0, T) x ~t (1.1) 
with initial condition 
u(O,z) = uo(z), in ~ (1.2) 
and Dirichlet boundary condition 
u(t, z) = g(t, z), on (0, T) x F. (1.3) 
Throughout his note we assume that ~ is an open domain in R d (d <_ 3) with sufficiently 
smooth boundary F, and ~ is positive constants. The reaction rate f is continuous in u, and 
there exist a constant w > 0 and a nonnegative function Fo(x) E L2(~) such that 
f(t, x, u) .sgn u <_ wlu I + Fo(x), for all (t, x, u) E (0, T) x ~t x R. (1.4) 
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When the regularity of the convective field b is at least H 1 M L °° and the boundary data g is 
in HU2(F), existence of H 1 weak solutions follows by using the standard Gelfand triple setting. 
However, in many applications, uch regularity of the convective field is often unavailable. For 
example, in the mathematical models of ground flow simulation, the convective field is given by 
b = A(x)Vp with a discontinuous coefficient A, and the pressure p satisfies 
-V .  (AVp) = 0 in ~, with u.  (AVp) = v on F. 
Namely, b is merely in L 2 with certain regularity properties for div b (in this case, it is div b = 0 
in 12). See, e.g., [1]. A similar problem arises in the drift-diffusion model for semiconductor 
devices [2,3] and in some electron-chemistry models [4], where the convective field is the "drift" 
component in the current density; that is, b -- =t=~7¢ with ¢ being governed by Poisson's equation. 
In these cases, b is usually in L 2 only but div b" = =i=A¢ is in L ~. Finally, well-posedness of the 
Dirichlet boundary value problems with L ~ boundary data is an important issue in boundary 
optimal control problems (see, e.g., [5]). 
Motivated by these problems, we consider the general form of (1.1)-(1.3) under the assumption 
that 
bEL2(~2) d, divb'EL2(~) with divb'>~/a.e, in l2andv .bEL°° (F ) ;  
(1.5) 
g E L°° ((O,T) x F) and u0EL°°(f~). 
We note that under this assumption, the standard Gelfand triple setting with H -- L2(f~) as the 
pivoting space cannot be used for (1.1), since the associated sesquilinear form is not bounded. 
In this note, we present a way of finding weak solutions in this situation. We will formulate the 
Dirichlet boundary problem in a weaker space setting, and show that weak solutions exist as the 
limit of solutions to corresponding mixed boundary value problems. By seeking H I M L c~ weak 
solutions for the mixed boundary value problems, we will not need to require more regularities 
of the data than (1.5). We will obtain the crucial L °° bounds for the solutions by applying 
a Stampacchia estimation technique (see, e.g., [6,7]) because the possibly unbounded term f 
prohibits us to use the classical maximum principle. 
REMARKS.  
(i) Although there might be other ways of proving the existence of the initial boundary value 
problems (1.1)-(1.3), this method of finding a solution through a convergent sequence of 
solutions to corresponding mixed boundary value problems eems to be most natural in 
this particular situation, especially from view point of numerical implementation. 
(ii) Our result can be easily extended to systems of equations of the following form: 
n 
' • 
j - -1  
where [,~ij] is a positive definite matrix, and the terms fi, bi, and initial and boundary 
data satisfy similar assumptions as (1.4),(1.5). The standard drift-diffusion model of 
semiconductors is an example of the case n = 2, while the cases of n > 3 arise in some 
electro-chemistry models. 
2. MAIN  RESULT  AND PROOF 
Let V0 -- Hi(12) equipped with the norm 1¢12o -- (V¢, V¢), where (., .) denotes the usual L 2 in- 
ner product. Then V0* = H- I (~) .  Let A0 = A be the Laplacian with dom(A0) = H2(~)M H~(~). 
Then --A0 E f~(Vo, V~) and (-A0¢,¢/yo.×y o = (V¢,V¢) for ¢, ¢ E V0. We equip V0* with the 
norm ]. Iv o* defined by 
(-ao) ¢)Vo.×Vo, for ¢ e vo*. (2.1) 
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Taking Vo* as the pivoting space with norm (2.1), we define W = H* the dual of H = L2(~t) 
(i.e., W is the completion of L2(f~) with respect o the norm ](-Ao)-l¢12,a ). The dual product 
on W x H is defined as 
(u ,¢}w×g=(( - -Ao) - lu ,~b) ,  fo ruEWandCEH.  
Thus, H C V0* = (Vo*)* C W defines a Gelfand triple that results in the transposition of the 
standard Gelfand triple Vo C H C Vo* by one Sobolev index (see, e.g., [8]). Moreover, we assume 
the domain f~ is sufficiently smooth so that 
( - -n0)  -1  I/) H2(f~) <~ const.l~lL2(W , for ¢ E L2(~)). (2.2) 
When u is sufficiently smooth, using Green's formula, we integrate (1.1) with (1.3) against est 
functions ¢ = (-A0)-l~b with ¢ E H to obtain 
~(t), ¢ = -~ (~(t), ¢) + 6u(t), v¢  - ~ ~(t), ~ F 
If we view equation (1.1) in the space W, this identity leads us to the following definition of weak 
solutions. 
DEFINITION 2.1. A function 
u(t) E L2(O,T;H) AHI (O,T ;W)  N L~((0, T) x ft) 
is said to be a weak solution to the initial-boundary value problems (1.1)-(1.3) K u(t) satist~es 
,~(t), W w×.  + ,~(~,(t), ¢) - 6u(t), v¢  + ,~ g(t), ~ r 
for al] ~ • H, where ¢ = (--A0)-l~3, and u(O) = uo. 
We prove the existence of such weak solutions through the limit of a sequence of solutions 
{u~(t)}oo to (1.1),(1.2) with the mixed boundary value conditions 
Ou~ l(u,(t ,x)  -g ( t ,x ) ) ,  on (0, T) x r. (2.4) -~-~ = 
The weak formulation of these mixed boundary value problems is straightforward. Let V = 
HI(Ft). Then u~(t) is said to be a weak solution of (1.1),(1.2) with (2.4) if 
u~(t) • L2(0, T;V) A HI(0, T;V*) ~ L~((O,T) x ft) 
satisfies 
xV (2.5) 
+(b,u~(t), ¢)r + ~(u~(t) - g(t), ¢)r = (f(t, u(t)), ¢), 
for all ¢ • V, and u~(0) = u0. 
THEOREM 2.2. Suppose f, g, b, and u0 satisfy (1.4),(1.5). Then there exists a weak solution u(t) 
to the initial boundary value problems (1.1)-(1.3) as de~ned in Definition 2.1. Moreover, this 
solution u(t) is the limit of a sequence of the solutions {u~(t)}oo f the corresponding mixed 
boundary value problems defined in (2.5) as e --* O, and the convergence is in the following sense: 
u~(t) --* u(t) strongly in L2(0, T; V0* ), weakly-star in L~((0, T) × ft), 
u~(t)ir --* g(t) weakly in L2(0, T; L2(r)). 
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PROOF. Our proof consists of three parts. 
(i) Uniform L °° bounds for ue. The proof for the existence of solutions u~ to (2.5) is rather 
standard, and we will not present the details here. The crucial step is to establish the L °° 
bounds for the solutions, and the classical maximum principle cannot be applied since f may not 
be bounded. Here we will establish these bounds by using a Stampacchia estimation technique. 
Let 
co=max / sup ,g,, sup,u0,}.  
[ (0 ,T)xF f~ 
For c _> co, set ¢ -- ¢c - (e-~tue - c) + (A > 0 to be determined below) in (2.5) to obtain 
where 
~1¢~1~ + ~(¢~ + ~, ¢~) + ~ Iv¢~t~ + R = (e-~V (~(¢o  + c)), ¢~), 
= div~,~¢~+c¢~ +2 (b~¢~'¢c)r+-(¢~+c-e-)~tg'~)re 
1 2 ~ 2 
->-3 ' -~  (~1¢c[2+c¢c)dx+ [¢d2,r, 
(2.6) 
we obtain from (2.6) that 
Hence, by setting 
and the Poincar6 inequalities 
I¢lr,a -< arf¢lv, for all ¢ E V, 2 < r < 6, 
where ar depends only on fL From (1.4), 
(e-~V (e~t (~ + ~)) ,~o) _< [ (~(¢~ +~¢~) +Y0¢~) d~. 
dn 
A=7-+w,  
~-~ ¢c 2 + ~[¢cl~" -< Fo¢cdx. (2.8) 
d ¢cft~ 2 Let I0 = {t : ~ ~ J  >- 0}. Since ¢~(0) = 0 and ¢¢(t)[ 2 > 0, we see that I0 contains a right-side 
neighborhood of 0. For t e I0, (2.8) becomes 
~]¢c]~ -< /~ Fo¢cdx <_ IFol2lC~16Ja~(t)l 1/3 < a6lFol2J¢¢JvJa~(t)l ~/3, 
where we have denoted f~c(t) = {x E ~ : ¢~(t, x) > 0} and used (2.7). Thus, 
I¢~lv < aAIFo121~c(t)l 1/3. 
(2.7) 
where ~-  = max{0,- 'r} and we have assumed e > 0 is sufficiently small such that e < 1/2~ and 
e _< 1/sup r b~-. In V = HI(f~), we will use the norm [. Iv defined by 
Diffusion-Convection Equations 73 
Now, for ~ > c > co, 
Hence, 
If we denote 
~6ICdv _ 1¢~16 >_ ¢~ dx 
e(t) 
I~a(t)l ~ (-~ IFol 0 
> (a- c)l~e(t)l~/< 
p(e) = sup I~/c(t)l, for c >_ Co, 
tEIo 
then the above becomes 
p(c) <_ ]Fo[2 (6 -- C)-6p(c) 2, for fi > c _> c.0. (2.9) 
By an elementary lemma (see [7, Lemma 2.9] or [3, Lemma 2.2]) on the nonnegative, nonincreasing 
function p(c) satisfying (2.9), there holds p(e) = 0 for c >_ c*, where 
2 
c* -- Co + s~ IFo121~l 1/6. 
Hence, I~c( t ) l  = 0 or I¢c(t)1~ = 0 for al l  t • Io and c _ c*. I f  1o is a proper subset of (0, T), 
then for any t • (0,T)  \ ,to, there is ~'o • ;to such that I¢~(t)l~ ___ I¢c0-o)1~ and the latter is zero 
for c _> c*, which implies that ¢c(t) = 0 for c > c*. Hence, for all t • (0, T) we have Co(t, x) _= 0 
in ~. That is, u,(t,x) < c*e ;~t for all (t,x) • (0,T) × ~. Similarly, we can show the lower bound 
u, > -c*e ;~t. Therefore, we have 
lu,(t,z)l < c*e ~t, for (t,z) • (0, T) × ~. (2.10) 
Note that this bound is independent of e, and when A = 0 (i.e., 7 -> 0 and w = 0), it is also 
independent of T. 
(ii) Other uniform bounds for u~. By setting ¢ = u~(t) in (2.5), we can obtain 
F 
By (1.4), 
f(u,)u, dx < @u~ + Fo(x) lu, l) dx < ~lu~12 + lFol= lu~l= < 2~lu~l~ + -~-~ lFol= . 
Hence, for ~. > 0 sufficiently small such that 2~ _< 1/supr b~, we obtain that 
/o /J 7-lu~(t)lg,r dt and e IVu~(t)l~ dt are uniformly bounded in e > 0. (2.11) 
Moreover, setting ¢ = ( -A0) -1¢ for ¢ • H in (2.5) yields 
o¢ 
Since, by (2.2) and (2.10), 
I(bu,(t),V¢) _<eonst. b2[~[ 2 and (u~( t ) ,~)  <eonst.[ue(t)[2,r[@[2, (2.13) 
F 
6 
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where the constants are independent of e > 0, it follows from (2.12) that 
fo 
T } d J~ 
-~ue(t) W dt is uniformly bounded in e > 0. (2.14) 
(iii) Passing to the limit of e --* 0 +. By (2.10) and (2.14), it follows from Aubin's lemma (see, 
e.g., [9]) that there exist a sequence {e} of positive numbers and a function u(t) 6 L2(0,T; V0* ) 
such that, as e ~ 0 +, 
u~(t) --* u(t) strongly in L2(0, T; V0* ) and weakly in L2(0, T; H). 
By (2.10), we can also take a subsequence such that 
u~(t) ~ u(t) weakly-star in L°°((O,T) x ~). 
Hence, u(t) 6 L°°((O, T) x ~) and has same the L °° bound as in (2.13). In view of (2.11), we can 
further assume 
u~(t) --* ~(t) weakly in L 2 (0, T; L2(F)) 
for some ~(t) 6 L2(O,T;H). Moreover, setting ¢ = ¢(t) 6 L2(0,T; V) in (2.5), and using (2.11) 
and (2.13), we can obtain 
/o T dt (ue(t) - g(t), ¢(t))r ___ const.x/~ [¢(t)JL:(O,T;V), (2.15) 
which implies that g(t) = 9(t) and u~(t) ~ g(t) in L2(0,T;H-1/2(F)).  From this and equa- 
tion (2.5), we can show that the convergence of u~ to u is strong in L2((O,T) x ~). Thus, we can 
assume u~ --* u a.e. in (0, T) × ~ and hence, 
o T (f(uc) - f(u), ¢) ds --* O, for ¢ E Y0. 
Now integrating (2.5) over (0, t) and then passing to the limit of e --~ 0 +, by the convergence 
established above, we obtain 
/o 
for all ¢ 6 H with ¢ = ( -A0) -1¢ ,  which implies (2.3). Hence, u(t) is a weak solution to (1.1) 
and (1.3) in the sense of Definition 2.1. | 
COROLLARY 2.3. I f  further we have bE L4(~) d, then the weak solution u(t) is unique, and it is 
the strong limit of a subsequence of ue(t) in L2(O, T; H) ~ Hi(O, T; W). 
PROOF. The proof relies on the following estimate for the convective term: for ~ = ( -Ao) - l r  h 
( b'rh V~)I < b4 Ir/]2 IVf]a < const, b4 ]V12 IVf]~/4 3/4 ]Vf]g,(n ) <const.  b 4 ~ 7/4 ,, 1/4 
- - - ' , 2  "go"  
by  (2.2) and using the inequality 
1/4 3/4 1¢14 < 1¢121/41¢163/  < const.l¢12 I¢IH , 
for all ¢ 6 Hl(f~) since Hl(f~) is embedded into LC(f~). | 
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